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Studying the disappearance of superconductivity at the end of the overdoped region of the cuprate
phase diagram offers a different approach for investigating the interaction which is responsible for
pairing in these materials. In the underdoped region this question is complicated by the presence
of charge and stripe ordered phases as well as the pseudogap. In the overdoped region the situation
appears simpler with only a normal phase, a superconducting phase and impurity scattering. Here,
for the overdoped region, we report the results of a combined dynamic cluster approximation (DCA)
and a weak Born impurity scattering calculation for a t − t′ − U Hubbard model. We find that a
decrease in the d-wave pairing strength of the two-particle scattering vertex is closely coupled to
changes in the momentum and frequency structure of the magnetic spin fluctuations as the system
is overdoped. Treating the impurity scattering within a disordered BCS d-wave approximation, we
see how the combined effects of the decreasing d-wave pairing strength and weak impurity scattering
lead to the end of the Tc dome.
INTRODUCTION
In the overdoped region of the cuprate phase diagram
the normal phase exhibits properties similar to those of
a strongly correlated Fermi liquid [1–3]. The pseudogap
as well as the charge and stripe ordered phases, which
compete or coexist with superconductivity at lower dop-
ing, are absent [4]. This is a region in which the results of
numerical calculations are expected to be less sensitive to
boundary conditions and lattice size effects. Here, using
a dynamic cluster approximation (DCA) [5] we study the
decrease in the strength of the d-wave pairing interaction
for a t− t′ − U Hubbard model in the overdoped regime
as the density x of doped holes per site increases [6, 7].
Then, including impurity scattering within a disordered
Bardeen-Cooper-Schrieffer (BCS) d-wave approximation
[8], we examine the end of the Tc dome.
The Hubbard model we will study has a near-neighbor
hopping t, a next-near-neighbor hopping t′ and an onsite
Coulomb interaction U .
H =− t
∑
〈i,j〉σ
c†iσcjσ − t′
∑
〈〈i,j〉〉σ
c†iσcjσ
+ U
∑
i
ni↑ni↓ − µ
∑
iσ
niσ (1)
The tight binding parameters give rise to a bandstructure
εk = −2t(cos kx+cos ky)−4t′ cos kx cos ky and µ controls
the filling, which we will measure in terms of the density
of holes x away from half-filling. In the following, the
results for t′/t = −0.25 and U/t = 7.0 were obtained from
a dynamic cluster approximation using a 12-site cluster
(Fig. 1 in Ref. [5]) and a continuous-time auxiliary field
quantum Monte Carlo algorithm to solve the DCA cluster
problem.
RESULTS
As discussed in the Supplemental Material section [9],
previous DCA calculations [10, 11] have found that for
these parameters the pseudogap ends for x & 0.15. This
is the overdoped regime that we will study. In Fig. 1 we
have plotted the spin susceptibility χ(q) at T = 0.1t for
dopings x = 0.15 and x = 0.25.
As the doping increases, the susceptibility at large mo-
mentum transfer q = (pi, pi) is reduced and the ferro-
magnetic (FM) spin susceptibility at small momentum
transfer is increased. However, as previously noted [6], a
significant response also remains at intermediate values
of momentum transfer q = (pi/2, pi/2) and q = (pi, 0).
Further insight into the evolution of the spin-fluctuations
with doping is illustrated in Fig. 2 where we have plotted
the spin-fluctuation spectral weight − 1pi Imχ(q, ω) at dif-
ferent momentum transfers for various dopings. These
results were obtained from a Maximum Entropy ana-
lytic continuation of the DCA imaginary time data. At
large momentum transfer q = (pi, pi), one sees that the
spin-fluctuation spectral weight is significantly reduced
with doping, while at intermediate values of momentum
transfers spin-fluctuations remain. For example, at the
Brillouin zone boundary q = (pi, 0), the magnetic exci-
tations are relatively unchanged with doping. This type
of behavior has been seen in inelastic neutron scatter-
ing (INS) and resonant inelastic X-ray scattering (RIXS)
experiments [12–15].
Next we turn to the strength of the pairing interac-
tion in the overdoped region. The particle-particle Bethe-
Salpeter equation is
λαφα(k) = − T
N
∑
k′
Γ(k, k′)G(k′)G(−k′)φα(k′) (2)
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(a) x = 0.15
FIG. 1. The spin susceptibility χ(q) at T = 0.1t for (a)
x = 0.15 and (b) 0.25. As the doping increases the antifer-
romagnetic response weakens and there is an increase in the
ferromagnetic response.
Here G is the single particle propagator and Γ is the irre-
ducible particle-particle scattering vertex and we have
used k = (k, ωn). At the superconducting transition
temperature Tc the leading eigenvalue of Eq. (2) goes
to 1. For the doped Hubbard model the eigenfunction
φd(k, ωn) with the leading eigenvalue has d-wave sym-
metry. At a doping x = 0.15 the DCA calculations give
λd(Tc) = 1 with Tc/t = 0.027. For a near-neighbor hop-
ping t = 0.2 eV, this would correspond to a transition
temperature Tc ∼ 65 K. Here we are interested in what
happens to the strength of the pairing interaction as x
increases and the system is overdoped.
Multiplying Eq. (2) by φd(k, ωn) and summing over
(k, ωn) one obtains the following expression for λd
λd =
− T 2N2
∑
k,k′ φd(k)Γ(k, k
′)G(k′)G(−k′)φd(k′)
T
N
∑
k φ
2
d(k)
(3)
Then inserting a complete set of states between the ver-
tex Γ and the GG propagators and assuming that the
leading d-wave eigenvalue is dominant, one obtains the
separable approximation
λd(T ) ' Vd(T )Pd0(T ) (4)
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FIG. 2. The imaginary part of the DCA cluster spin suscepti-
bility χ′′(q, ω) vs. ω for various cluster momenta and dopings
x = 0.15 (blue), 0.2 (green), and 0.25 (red). The spin fluc-
tuation spectral weight at large (AF) momenta is reduced as
the doping increases while the long wavelength (FM) spectral
weight increases. For intermediate momenta q = (pi, 0), the
high energy spin-fluctuation spectral weight remains.
with the strength of the pairing interaction
Vd(T ) = −
∑
k
∑
k′ φd(k)Γ(k, k
′)φd(k′)
(
∑
k φ
2
d(k))
2 (5)
and the non-interacting but dressed two-particle pairfield
3susceptibility
Pd0(T ) =
T
N
∑
k
φ2d(k)G(k)G(−k) (6)
In evaluating these expressions we will approximate the
d-wave eigenfunction
φd(k, ωn) ∼ (cos kx − cos ky) (piT )
2 + ω2c
ω2n + ω
2
c
(7)
with ωc = t. This form provides a reasonable approxima-
tion and is less noisy than using the DCA eigenfunction
φ(k, ωn).
To check the validity of the separable approximation
for λd(T ) given by Eq. (4) we have plotted λd(T ) and
the product Vd(T )Pd0(T ) versus T in Fig. 3 for differ-
ent dopings. The close agreement between λd(T ) and
Vd(T )Pd0(T ) seen in Fig. 3 arises from the fact that, while
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FIG. 3. A comparison of the d-wave eigenvalue λd(T ) (•) of
the Bethe-Salpeter equation (2) with the separable approxi-
mation Pd0(T )Vd(T ) (N) given by Eqs. (5) and (6) for several
values of the doping x. The quality of the fit reflects the
dominance of the leading d-wave eigenvalue.
there are other singlet eigenstates of the Bethe-Salpeter
equation such as extended s-wave and odd frequency p-
waves, the singlet channel is dominated by the d-wave
eigenfunction. Thus Vd provides a measure of the d-wave
pairing strength associated with the two particle scatter-
ing vertex Γ(k, ωn,k
′, ωn′). Results for Vd(x) at a low
temperature T = 0.08t are shown in Fig. 4a. Here one
sees the decrease of the d-wave coupling strength as the
hole doping is increased.
In spin-fluctuation theories of the pairing interaction, a
measure of the strength of the d-wave pairing interaction
is given by
V SFd =
3U¯2
2
1
N
∑
q
∫ ∞
0
dω
pi
Imχ(q, ω)
ω
cos qx (8)
Using the DCA results for the cluster spin susceptibility
χ(q, ω) and replacing U¯ by U/2, as found in previous
DCA studies [16], results for V SFd (x) versus x at T =
0.08t are plotted in Fig. 4b. The change in χ(q) shown
in Fig. 1 and the shift of the spin-fluctuation spectral
weight with doping shown in Fig. 2 are reflected in the
decrease in V SFd as the doping increases.
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FIG. 4. a) The d-wave pairing strength Vd(x), Eq. (5), at
T = 0.08t obtained from the 2-particle scattering vertex Γ
plotted versus the doping x. (b) The d-wave spin-fluctuation
pairing strength, V SFd (x) Eq. (8), at T = 0.08t versus x.
The end behavior of the Tc dome involves the effects
of impurities. Here we have in mind a situation in which
the impurity dopants lie off of the CuO2 plane, adding x
holes and giving rise to weak Born impurity scattering.
Within the framework of a fluctuation exchange approxi-
mation, Kudo and Yamada [17] found that the reduction
of the Bethe-Saltpeter eigenvalue associated with the de-
crease in strength of the pairing interaction caused by im-
purity scattering is approximately off-set by the increase
of the spectral weight of the single particle propagator,
leaving pair breaking as the dominant effect of the im-
purity scattering. We will assume that this is also the
case here and use the Abrikosov-Gorkov [18] expression
for the superconducting transition temperature given by
ln
(
Tc0(x)
Tc(x)
)
= ψ
(
1
2
+
Γ(x)
2piTc(x)
)
− ψ(1/2) . (9)
Here Tc0(x) is the putative superconducting transition
temperature of the doped system without impurity scat-
tering obtained by extrapolating the eigenvalue of the
Bethe-Salpeter equation λd(Tc0(x)) to 1. Assuming that
the impurity dopants lie out of plane, Γ(x) is the nor-
mal state Born impurity scattering rate, which we take
proportional to x
Γ(x) = Γ0x (10)
4and ψ is the digamma function. Results for Tc(x) versus
x for various values of the scattering rate Γ0 per doped
hole are shown in Fig. 5.
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FIG. 5. The superconducting transition temperature Tc0(x)
(solid dots) for the pure system determined from an extrapo-
lation of the Bethe-Salpeter eigenvalue λd(T ) to 1 for specific
dopings. The red curve is a fit to these points. The additional
Tc(x) curves are solutions of the AG equation for different im-
purity scattering strengths Γ0. The transition temperatures
are normalized by the maximum Tc0 value.
Here Tc0(x) vanishes with an essential singularity
exp(−t/Vd(x)) at an end point where Vd(x) goes to zero.
In the dirty d-wave theory, Tc(x) approaches the end
point x0 as (x− x0)1/2 with x0 determined by
Tc0(x0)/Γ(x0) = 2γ/pi (11)
with γ ∼ 1.78.
DISCUSSION AND CONCLUSION
We have used a combined DCA and weak Born im-
purity scattering calculation for a 2D Hubbard model
to study the disappearance of superconductivity at the
end of the overdoped region of the cuprate phase dia-
gram. We have found that the decrease in the d-wave
pairing strength with increasing doping is closely related
to a similar decrease in the strength of the d-wave spin-
fluctuation interaction. The additional effect of impurity
scattering, taken into account within a disordered BCS
d-wave approximation, is found to lead to a further re-
duction of Tc as the doping increases. Hence, in this
work, the decrease of Tc(x) in the overdoped regime re-
flects both a decrease in the ”clean” transition tempera-
ture Tc0(x) due to a reduction in the pairing strength and
an increase in the impurity scattering rate with doping.
Alternatively, ”dirty d-wave” models [8] in which Tc0(x)
is constant and there is an increase in the Born impu-
rity scattering, starting from a finite doping, to fit the
observed Tc(x) have proved very useful. However, in this
case where Tc0 is a constant greater than the maximum
Tc, the required impurity scattering rate for the dirty
d-wave model will be considerably larger than what we
have used.
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FIG. S1: A part of the t′/t− x phase diagram based on DCA calculations [1]. The solid
curve denotes a Lifshitz transition which separates a lower doped region which has a
hole-like FS around the (pi, pi) point of the Brillouin zone from a region which has an
electron-like FS about the origin (0,0). A dashed curve, which separates from the Lifshitz
curve at larger doping marks the end of the pseudogap region. Here we study the decrease
of the d-wave pairing strength and the end of the Tc dome for t’/t=-0.25 as the hole
doping increases along the dash-dot line.
Wu et al. [1]. Here a solid curve marks the Lifshitz transition at which the topology of the
Fermi surface changes from hole-like around (pi, pi) to electron-like around (0,0) as the hole
doping increases. The dashed curve in Fig. S1 marks the end of the pseudogap (PG) regime.
Similar to the cuprates, as discussed by Doiron-Leyraud et al. [2], the simulation finds that
a PG does not open on an electron-like FS, confining the PG to a region of the t′/t−x phase
diagram in which x is less than the curve marking the Lifshitz doping in Fig. S1. However,
for larger values of |t′/t| there is a range of dopings below the Lifshitz doping in which the
PG is also absent [1, 2]. In the main text, for t′/t = −0.25, we examine the strength of the
d-wave pairing and the end of the Tc dome as the doping is increased along the dash-dotted
3line shown in Fig. S1.
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